• Linear dunes with a finger-like shape are identified as an elementary dune type.
Introduction
Elongating linear dunes are individual sand ridges aligned near the resultant transport direction (Figure 1a ). Also referred to as seif dunes (Lancaster, 1982; Tsoar, 1982) or silks (Mainguet & Callot, 1978) when they are sinuous, these finger-like structures are widespread on Earth and other planetary bodies. They develop on non-erodible beds submitted to multidirectional flow regimes thanks to the deposition at the dune tips of the sediment transported along the crests (Courrech du Pont, Narteau, & Gao, 2014; Gao, Narteau, Rozier, & Courrech du Pont, 2015a) . Sometimes the upstream source of sediment is fixed, like for lee dunes elongating behind a topographic obstacle (Tsoar, 1989) . In such a situation, there is no lateral migration of the dune body, which can preserve its shape over tens of kilometers (Lü, Narteau, Dong, Rozier, & Courrech Du Pont, 2017; Lucas et al., 2014) . Understanding the sediment budget along these longitudinal dunes and the conditions leading to morphodynamic stability is key to assess time and length scales associated with the mechanism of dune growth by elongation.
An intrinsic feature of elongating dunes is that they grow and form under the combined effect of winds blowing successively on either side of the crest. This alternation of reversing winds causes deposition along the flanks and at the tip of the dunes. The subsequent sedimentary structures have been documented in cold and hot aeolian dunes (Bristow, Bailey, & Lancaster, 2000; Bristow, Augustinus, Wallis, Jol, & Rhodes, 2010) but have never been quantitatively related to the surface processes and the overall dune morphodynamics.
Assessing the variability of linear dune fields first requires an understanding of how an individual linear dune forms and evolves (Livingstone, 1989) . Furthermore, recent advances show that a complex dune morphology is often the result of interacting elementary bedforms. For instance, one can interpret star dunes as a combination of individual elongating dunes (Zhang, Narteau, Rozier, & Courrech du Pont, 2012) . Similarly, raked linear dunes can be described as linear dunes with superimposed regularly spaced barchan dunes migrat-ing in an oblique direction (Lü et al., 2017) . This reductive approach implies the accurate identification of elementary dune features. This is the main objective of this numerical study in regards to elongating linear dunes.
The next section provides an outline of the numerical model and describes the different setups as well as the associated parameter space. In section 3, we show that an elongating linear dune can reach a steady state. Subsequently, we determine the mechanisms that govern this dynamic equilibrium under various conditions. Finally, we discuss the properties and stability of elongating dunes with respect to their counterparts in a unidirectional wind regime, namely the barchan dunes.
Methods
Numerical simulations are performed using a cellular automaton dune model that accounts for feedback mechanisms between the flow and the bed topography (Narteau, Zhang, Rozier, & Claudin, 2009; . The saturated sediment flux depends on a threshold shear stress τ 1 for motion inception. All the numerical results are expressed in units of {l 0 , t 0 }, which are the characteristic length and time scales of the model (Narteau et al., 2009) . They relate to the most unstable wavelength λ max for the formation of dunes and to the saturated sand flux q sat . When τ 1 tends to zero, λ max ∼ 40 l 0 and q sat ∼ 0.23 l 2 0 /t 0 . In all simulations, we set an asymmetric bidirectional wind regime of period T . Over a wind cycle, two winds of the same strength blow alternatively with a divergence angle θ = 120 o . The duration of the primary wind is twice that of the secondary wind, resulting in a mass transport ratio N = 2 on a flat bed. The two winds are oriented such that the dune elongates along the main axis of the cellular space of the model. The angle α between the elongation direction and the primary wind is 41 ± 1 o , in agreement with the predictions in Courrech du and Gao et al. (2015a) : tan α = sin θ/( √ N + cos θ). We consider two different setups to investigate the physical mechanisms governing the elongation and the stability of linear dunes. In the first setup, hereafter the "injection setup", the simulated field is a corridor with open boundary conditions. Sediment is injected locally from a fixed circular source near the upstream end of the field at a constant volume rate J in (see inset in Figure 1b ). Using the injection setup, the model becomes too much time and space consuming when simulating hugely elongated dunes. To analyze transverse sections over a wider range of dune sizes and wind conditions, we also simulate longitudinal sand piles with periodic boundary conditions. We refer to this setup as the "infinite setup". Starting from a uniform square cross section at t = 0, the sand pile reaches the characteristic shape of a reversing dune in a few wind cycles. After an elapsed time of ∼10 4 t 0 , we examine the shape properties.
Keeping the same bidirectional wind regime in terms of parameters {θ, N }, we vary the {τ 1 , T, J in }-values to explore how the transport threshold, the duration of the wind cycle and the sediment injection rate impact the morphodynamics of elongating linear dunes. We perform all shape measurements at the end of the secondary wind. For each simulation, we regularly estimate the volume V and the length L of the dune as well as the height H, width W , and area S of all transverse sections. We compute the associated aspect ratio ρ = H/W and shape ratio φ = S/(W H), which typically ranges between 1/2 and 2/3, two values that correspond to triangular and parabolic sections, respectively.
We also measure the crest reversal distance ∆ c , i.e., the travel distance of the crest line between two alternate winds, perpendicularly to the elongation direction. For each transverse section, we focus on the outflux q out that escapes from the dune, and on the mean longitudinal sand flux q , which is defined as the cumulative flux in the direction of elongation divided by the width of the section. All sand fluxes are computed by counting transitions of transport occurring within the entire cellular space (Zhang, Yang, Rozier, & Narteau, 2014) .
Stabilization and shape of an elongating linear dune
Using the injection setup, dunes elongate only above a critical sediment influx that depends on the transport threshold and the wind regime. Below the critical influx, elongation is impeded by sediment loss in the injection area and frequent breakups of the dune body. Above, the linear dune elongates and eventually reaches a steady state (Figure 1b-e ). Figure 1f shows the length and maximum width of the dune at steady state as a function of the sediment influx J in when setting T = 300 t 0 and τ 1 = 0. For this wind regime, dunes elongate when J in 2 l 3 0 t −1 0 . Above the onset of elongation, both the maximum length and width are linearly related to J in in the range of investigated values (up to J in = 5 l 3 0 t −1 0 ). In the next section, wind conditions remain identical and J in is set to 4.1 l 3 0 t −1 0 .
Formation and length stabilization
As soon as sediment begins to accumulate in the injection area, a sand pile forms and elongates under the action of successive winds (Figures 1b and 1d ). As in laboratory experiments (Courrech du Pont et al., 2014) , the elongating linear dune has a finger-like structure at all times with a straight crest line, sharp boundaries, and a reversing slip face. The height and width of the cross sections in the injection area rapidly reach stationary values. From the source, the height and width of cross sections decrease almost linearly with distance up to the dune tip (see the triangular contours in Figure 1b ). As a result, the mean cross-sectional area of the elongating dune S = V /L is constant over time.
The sand source holds in place the upstream end of the dune, which prevents the dune to migrate laterally. The direction of elongation is constant over time and parallel to the resultant transport direction at the crest (yellow arrows in Figure 2a ). In our asymmetric bidirectional wind regime, this transport direction at the crest is oblique to the resultant drift direction on a flat sand bed (RDD, see transport vectors in Figure 1c ). This is due to a difference in speed-up between the two winds, according to the dune aspect ratio experienced by the wind. The elongation rate is maximum at the beginning of the simulation and decreases as the dune converges to its steady state ( 1d). Crest reversals continuously modify the overall dune shape, but both dune length and volume reach stationary values when averaged over a few wind cycles (Figure 1d ).
The elongating dune undergoes high sediment losses in the injection area and at the tip, but a moderate outflux also escapes along the dune body from the lee side of the primary wind (Figures 2a-b ). This is because the dune alignment makes an angle with the RDD. Relatively to the crest, the RDD points towards the same side as the primary wind. Moreover, the direction of the primary wind is oblique to the dune crest, so that it experiences a smaller apparent aspect ratio than a perpendicular wind. In the absence of an apparent slip face, the lee side of the dune becomes a less efficient sand trap. This is observed in nature where a significant outflux can be emitted from the lee side of oblique winds (see wind streaks in Figure 1a ).
Therefore, under open boundary conditions the total sediment loss J out increases with an increasing dune length, until it balances the influx coming from the injection area (Figures 1e-f ). Interestingly, the intensity of the outflux along the dune body is uniform and stationary when averaged over a wind cycle ( Figure 2b ). This property simplifies the derivation of dune elongation, which is governed by the overall sediment budget. The conservation of mass for the entire dune of volume V and length L reads
where q out is the outflux along the dune and J ex a constant volume rate that accounts for the extra sediment loss occurring at both extremities. Substituting V by L S and integrating equation (1) yields
where τ = S /q out is the characteristic time of stabilization and L s the steady length that reads
The relaxation equation (2) agrees with the numerical outputs ( Figure 1b ). The observed values of L s ∼ 1175 l 0 and q out ∼ 2.5 × 10 −2 l 2 0 t −1 0 give J ex ∼ 0.3 J in . The integrated flux W q over a transverse section verifies the equation of mass conservation at steady state:
The mean longitudinal sand flux q is expected to depend on the shape of the cross section. As this shape barely changes along the dune, we assume a constant q independent of x as a first approximation. This gives Hence, the constant outflux q out explains the triangular contours of the dune (Figure 1c ). The linear decrease of width and height with the distance from the source implies S ∝ W 2 . Combined with the linear dependency between the maximum width of the dune and the sediment influx (Figure 1f ), the characteristic time τ for the dune stabilization roughly goes like J 2 in . In the limit of long dunes, for which Lq out J ex , the dune maximum length simply reads L s J in /q out . We expect a constant sand loss q out per unit length all along the dune at least as long as the dune remains simple (i.e., with a regular shape and free of superimposed bedforms). This property could be used to infer the sediment budget in the field.
We observe in Figure 2b that q is not strictly constant but slightly increases with the distance from the source. This is a consequence of the evolution of the dune shape, as shown by the linear relationship between the mean longitudinal sand flux q and the shape ratio φ (Figure 2c ). Hereafter, we also use the infinite setup to precisely relate the dune morphodynamics and the associated sand fluxes.
Steady-state morphology
We first compare transverse sections of various widths under the same periodic wind regime as in Figures 1 and 2 . Despite the asymmetry of the wind regime, sections have a rather symmetric shape with slip faces in the lower part of both sides. These lower parts are barely reworked by winds contrary to the upper area where the crest line moves back and forth. At the end of each period of constant wind orientation, the elevation profile of this reworked area resembles the central slice of a barchan dune. The crest reversal distance ∆ c is constant for all dune sections, so that the elevation profiles of cross sections with different widths overlap when matching the crest positions (Figure 3a) . When the lower part is large compared to the reworked upper part, sections are well approximated by trapezoid of bases W and ∆ c and height H. The corresponding shape ratio can be expressed as
(6) Figure 3b shows the shape ratio φ as a function of ∆ c /W for three transport thresholds τ 1 /τ 0 = {0, 10, 20} and three wind cycle durations T /t 0 = {300, 600, 1500}. The largest dune sections satisfy the trapezoid shape equation 6 when ∆ c /W < 0.15. This common behavior suggests that large cross sections develop a self-similar shape when widths and heights are normalized by ∆ c . Figure 3c shows transverse sections with the same ratio ∆ c /W = 0.1 before and after normalization. Normalized profiles collapse onto a common profile in the lower part. At the crest, we find good agreement for different T -values but not for different τ 1 -values. Indeed, the aspect ratio of the reworked area decreases when the transport threshold increases. This is consistent with previous numerical results showing that barchan and transverse dunes flatten when the transport threshold increases (Gao, Narteau, & Rozier, 2015; Zhang, Narteau, & Rozier, 2010) . The same conclusion can be drawn from a linear stability analysis. In the limit of large dunes, the dune velocity is independent of the transport threshold but the growth rate decreases when the transport threshold increases (equations 2.12, 2.13 in Gadal, Narteau, du Pont, Rozier, and Claudin (2019) ). Thus, on the one hand, the value of τ 1 sets the aspect ratio of the upper part of the dune. On the other hand, when τ 1 is fixed and T varies, the cross-sectional area reworked during a time period T is proportional to ∆ 2 c and to q sat T . Accordingly, we find that ∆ c is proportional to √ T , whereas it is independent of τ 1 (Figure 3d ). The fact that ∆ c is constant along the dune (see Figure 3a ) explains the increase of the mean sand flux q with an increasing shape ratio φ (Figure 2c ). For a given cross section, the sand flux is found maximum in the mobile crest area of width ∼∆ c . Thus, when the ratio ∆ c /W and the shape ratio φ increase, the mean sand flux q increases accordingly.
While the shape of large cross sections is controlled by the reversing distance ∆ c , it is not the case for the small cross sections close to the dune tip (Figure 3b ). Whatever the wind cycle duration T and the transport threshold τ 1 , the shape ratio φ converges to a maximum value ∼0.65 for a minimum section width W 0 ∼ 15 l 0 (Figure 3e ). This minimum length scale relates to the lower cut-off wavelength λ c of the flat bed instability and to the minimum size for dunes. In the numerical model λ c is close to 20 l 0 for a unidirectional wind regime (Narteau et al., 2009) . Here, the angle between the primary wind and the dune alignment is α ∼ 41 o , so that the minimum size λ c sin(α) is approximately 13 l 0 . This value agrees with the observed width W 0 . At the minimum size, the cross section has a 
Discussion and concluding remarks 4.1 From numerical outputs to field observations
The steady-state shape of solitary linear dunes is characterized by self-similar cross sections with slip faces on both sides in the lower part, capped by a reworked part with a smaller aspect ratio. The width and height decrease linearly from the sand source to the dune tip where the dune size appears to be controlled by the minimum size for dunes. On Earth, the minimum observed dune size λ c is about 10 m as revealed by incipient dunes and superimposed bedforms (Elbelrhiti, Claudin, & Andreotti, 2005; Elbelrhiti, Andreotti, & Claudin, 2008; Lancaster, 1996) . Using this length to set the value of l 0 in the model, we obtain l 0 = 0.5 m. For a volumetric flux at the source J in = 4.1 l 3 0 t −1 0 and a drift potential q sat = 0.23 l 2 0 t −1 0 (Narteau et al., 2009) , we found that the dune at steady state has a maximum width of 55 l 0 and a length of 1175 l 0 (Figure 1c ). This dune would then correspond on Earth to a 590 m long linear dune with a maximum width of 27 m. Such linear dunes of moderate size are often observed after a topographic obstacle where sand accumulates in the lee side (Figure 1a ). Note that the obstacle is several times wider than the dune itself. With a typical drift potential of 30 m 2 yr −1 as measured in Niger (Lucas et al., 2014) , the equivalent sediment influx would be of 275 m 3 yr −1 . A 100 m wide obstacle could provide such an influx, catching a free sand flux of 2.75 m 2 yr −1 . This is much smaller than the drift potential, as expected in regions where dunes elongate on a non-erodible floor. We anticipate that remote measurements of length and width of isolated dunes at steady state could be used to estimate the free sand flux in zones of low sand availability on Earth and other planetary bodies.
In contrast to our numerical results in bidirectional wind regimes, linear dunes of all sizes in nature show defects and sometimes sinuous crest lines (Rubin, Tsoar, & Blumberg, 2008; Bristow et al., 2000) . Moreover, their aspect ratio is substantially smaller, ∼ 0.15 (Bristow, Duller, & Lancaster, 2007; Livingstone, 1989; Rubin & Hesp, 2009; Roskin, Porat, Tsoar, Blumberg, & Zander, 2011; Telfer & Thomas, 2007) . Secondary flows have been proposed to explain the dune sinuosity (Tsoar, 1982) . For example, they could be produced by the deflection of the primary wind due to its acute angle with the orientation of the dune crest. This mechanism is not present in our numerical model and therefore cannot be tested. However, the model can be used to investigate fluctuations in wind strength and orientation as well as variations in transport and sediment properties, other factors that could also explain the observed complexity of dune shapes (Gao, Narteau, & Rozier, 2016; Gao, Gadal, Rozier, & Narteau, 2018) .
It is worth noting that a linear dune with a sinuous crest has been simulated using a continuous numerical dune model when the dune is submitted to a bidirectional wind regime with a low frequency cycle (Parteli, Durán, Tsoar, Schwämmle, & Herrmann, 2009 ).
In such conditions, the dune migrates back and forth laterally. The dune sinuosity is then reminiscent of the transverse instability of dunes (Courrech du Pont, 2015; Guignier, Niiya, Nishimori, Lague, & Valance, 2013; Parteli, Andrade Jr, & Herrmann, 2011; Reffet, Courrech du Pont, Hersen, & Douady, 2010) . This instability does not occur in our numerical setup because the sand source maintains the upstream end of the linear dune, which does not migrate laterally except at the tip.
Comparison between two elementary dune types: finger and barchan dunes
An elongating linear dune, also described as a finger dune by Courrech du , can be seen as an elementary dune type. It is a simple, non-compound dune that form on a non-erodible bed (Figure 1 ). To this regard, it represents the counterpart in a multidirectional wind regime of the crescentic barchan dune. These two elementary dune types differ not only in their morphology but also in their dynamics and stability. The barchan dune propagates downstream, while the finger dune elongates and eventually remains static if no change of external conditions. When propagating, a solitary barchan continuously loses sand from the horns and possibly gains sand from an incoming free sand flux. The gain is proportional to the dune width but the loss is almost constant. The loss slightly increases with the barchan size but does not vanish for small barchans. As a result, the barchan equilibrium size, for which gain and loss balance, is unstable (Hersen et al., 2004) . Apart from this unstable equilibrium, a barchan either keeps growing or disappears. It is the contrary for an isolated finger dune elongating from a source where the equilibrium size is asymptotically stable (i.e., attractive), as shown in Figure 1e . Because the source limits the gain to one dune end, it is independent on the dune length while the loss does increase with the length. Unlike the barchan dune, sand loss is not restricted to the dune ends but also occurs all along the dune. This is due to crest reversals, a fundamental characteristic of finger dunes in multidirectional wind regimes.
Interactions of elongating linear dunes
In dryland environments, dunes are rarely isolated objects but are parts of large assemblies and interact. Those interactions are of two kinds: (i) long-range interactions through sand flux, loss and capture, and (ii) collisions. The long-range interaction tends to organize barchan dunes in chevrons, aligning a downstream dune with one horn of the dune upstream. The collisions between barchans split dunes, which regularizes their size and organizes the field into corridors (Elbelrhiti et al., 2005 (Elbelrhiti et al., , 2008 Shapes at the end of the secondary wind of two parallel linear dunes at steady state. The two sources have an equal influx set to 3.2 l 3 0 t −1 0 . b: Width of these two dunes with respect to distance (solid and dashed lines are for the long and short dunes, respectively). c: Elongating dune with periodic boundary conditions perpendicularly to the direction of elongation and constant influx of 4.1 l 3 0 t −1 0 . As sediment gains compensates for losses, the dune keeps elongating with a constant width. d: Outflux emitted by a linear dune with a straight crest line and a sinusoidal modulation of the cross-sectional area. e: Outflux emitted by a linear dune with a sinuous body and a constant cross-sectional area. In d and e, the shape modulation impacts the outflux. Blue lines help to distinguish the respective shapes. The inset on top shows the transport vectors of both winds used in simulations.
Interactions between linear dunes remain to be studied, but we already outline some behaviors that illustrate the role of the longitudinal sediment budget. Figure 4b shows a pair of steady linear dunes that have elongated from two separate sources with equal sediment influxes. Both dunes elongate side by side but, accordingly to the direction of the sand flux on a flat bed (Figure 1c ), the downstream dune catches the sand loss of the upstream one. The effective sediment influx of the downstream dune being twice the influx at the source, its steady length is twice the length of the upstream dune. As a result, the width and height of the downstream dune are almost constant when it is in the shadow of the upstream dune. The extra loss that occurs at the tip of the upstream dune locally increases the width of the downstream one. From this bulge, the width and height decrease with distance much like for the upstream dune, i.e., like for a solitary dune. In the absence of migration, these long-range interactions may regularize the width and height of elongating linear dunes within a field. However, without a net sediment loss along the dune, the length at steady state becomes virtually infinite and the stability of the equilibrium shape is compromised. This may explain that while giant barchan dunes are curiosities, fields of giant linear dunes are common in nature as observed on Earth or Titan.
Variations in dune shape can also affect the sand loss along linear dunes. Figure 4 shows the sand loss associated with a sinusoidal modulation of the cross-sectional area of a straight dune (Figure 4d ), and with a sinuous body of constant cross-sectional area (Figure 4e ). In both cases, the sand loss remarkably reflects the topography and is inhomogeneous. It is maximum at the beginning of the dune enlargement (Figure 4d ) or where the angle between the crest line and the primary wind is minimum (Figure 4e ), i.e., where the primary wind experiences a smaller aspect ratio. Bristow et al. (2000) observed such an effect on a sinuous linear dune in the field. Unlike for the idealized morphology of the elementary finger dune, sand loss is not constant anymore. The resulting heterogeneous mass exchange may pattern the entire dune field.
When linear dunes elongate from fixed sources, mass exchange is limited to long-range interactions. But, when the source of sediment is not fixed or when the influx falls below a critical value, the linear dune can escape, migrate, and collide another dune. This migrating dune is already a hybrid of the two elementary dune types, the finger and the barchan dunes, and is sometimes referred to as an asymmetric barchan.
